Abstract. The aim of this paper is to introduce a new class of preinvex functions which is called as generalized beta preinvex functions. We show that this class includes some other new classes of preinvex functions. We derive some new integral inequalities using the approach of quantum calculus. These integral inequalities involve generalized preinvex functions and q-Euler-Beta functions. Our results can be viewed as new quantum estimates for trapezoidal like inequalities. Some new special cases are also discussed which can be deduced from the main results of the paper.
Introduction and Preliminaries
The property of convexity of a function has attracted several researchers over the years and consequently this property has been generalized in different dimensions according to need, for some useful details, interested readers are referred to [3, 4, 6, 9, 14, 15, 17, 18, 24, 25, 28, 34] and the references therein. Varošanec [33] introduced the notion of h-convex functions which not only generalizes the class of classical convex function but also generalizes several other classes of convex functions, such as Breckner type of s-convex functions, Godunova-Levin-Dragomir type of s-convex functions, Godunova-Levin functions and P -functions. So naturally the class of h-convex functions is quite unifying one. In recent years several authors have investigated the class of h-convex functions with respect to integral inequalities. Recently Tunç et al. [32] introduced the notion of so-called tgs-convex functions as: Definition 1.1 ( [32] ). Let f : I ⊂ R → R be a non-negative function. We say that f is tgs-convex function on I, if Note that f is tgs-concave function if −f is tgs-convex function. Also if t = 0, 1, then, according to the hypothesis the function is equal to zero. Remark 1.1. It has been noticed that the class of tgs-convex functions is also contained in the class of h-convex functions by taking suitable choice of the function h(·).
Hanson [9] introduced the notion of invex functions while studying mathematical programming. Ben Israel and Mond introduced the class of the invex sets and then using invex sets as domain they defined the notion of preinvex functions. They have shown that the differentiable preinvex functions imply invex functions. Under certain suitable conditions, one can show that these two classes of are equivalent. Noor [17] had shown that the minimum of the differentiable preinvex functions on the invex sets can be characterized by a class of variational inequalities, which is known as variational-like inequalities. Recently Noor et al. [25] extended the classes of preinvex functions and h-convex functions and introduced the notion of h-preinvex functions. This class not only contains the classes of preinvex functions and h-convex functions but also other classes of convex functions. Inequalities play pivotal role in mathematical analysis. Convexity property of functions has also a close relationship with theory of inequalities. This relationship has attracted several authors and resultantly numerous new inequalities have been obtained via convex functions and also for its other generalizations. For some more information, see [2, 5, 6, 8, 10, 14, 16, 20-22, 24, 27] .
AWAN, NOOR AND NOOR
In this paper, we define a new class of preinvex functions which is called as generalized preinvex functions. We obtain some new quantum bounds which involve primarily the property of generalized preinvexity. Some special cases are also discussed which can be deduced from the main results of the paper. It is expected that interested readers may find some novel applications of generalized preinvex functions and its related inequalities in other fields of pure and applied sciences. This is the main motivation of this paper.
Preliminaries
Let K η be a nonempty closed set in R n . Let f : K η → R be a continuous function and let η(., .) :
n be a continuous bifunction. First of all, we recall some known results and concepts.
Definition 2.1 ( [1]).
A set K η is said to be invex set with respect to η(., .), if
Definition 2.2 ( [34])
. A function f : K η → R is said to be preinvex with respect to arbitrary bifunction η(., .), if
2), the preinvex functions reduces to classical convex functions.
Definition 2.3. A function f : K → R is said to be convex in the classical sense, if
Noor et al. [25] have defined the class of h-preinvex functions as: 25] ). Let h : J → R where (0, 1) ⊆ J be an interval in R, and let K η be an invex set with respect to η(., .). A function f : K η → R is called h-preinvex with respect to η(., .), if
If above inequality is reversed, then f is said to be h-preincave with respect to bifunction η(., .). Noor et al. [25] have shown that the class of h-preinvex functions includes several other classes of preinvex functions as special cases.
Remark 2.1. In this paper function η(., .) : R × R → R is supposed to have the following property:
In this case the following consequences hold:
This is the first requirement of Condition C introduced in [13] .
property (2.3) implies that function η has not constant sign on R × R.
Now we define the class of so-called generalized beta preinvex functions.
Definition 2.5. Let K η be an invex set with respect to bifunction η(., .) and g, h : (0, 1) → R be real functions. A function f : K η → R is said to be generalized beta preinvex with respect to bifunction η(., .), if
We now discuss some special cases of Definition 2.5. I. If we take g(t) = t α and h(t) = t γ , where α, γ ∈ [0, 1], then we have following definition of (α, γ)-preinvex functions. Definition 2.6. Let K η be an invex set with respect to bifunction η(., .). A function f : K η → R is said to be (α, γ)-preinvex with respect to bifunction η(., .), if
II. If we take g(t) = t α and h(t) = t α , where α ∈ [0, 1], then we have following definition of α-preinvex functions.
Definition 2.7. Let K η be an invex set with respect to bifunction η(., .). A function f : K η → R is said to be α-preinvex with respect to bifunction η(., .), if
III. If we take g(t) ≡ 1, then Definition 2.5 reduces to the definition of h-preinvex functions [25] .
We now define another new class of generalized preinvex functions. This class is not included in the class of generalized beta preinvex functions.
Definition 2.8. Let K η be an invex set with respect to bifunction η(., .). A function f : K η → R is said to be generalized preinvex with respect to bifunction η(., .), if
Note that the class of generalized preinvex functions is included in the class of h-preinvex functions. Also if η(v, u) = v − u and α = 1 = γ, then we have classical tgs-convex functions.
We now recall some previously known concepts and results of quantum calculus. These results will be helpful in the development of our main results. These results are mainly due to Tariboon et al. [30, 31] .
Let J = [a, b] ⊆ R be an interval and 0 < q < 1 be a constant. The q-derivative of a function f : J → R at a point x ∈ J on [a, b] is defined as follows.
Definition 2.9. Let f : J → R be a continuous function and let x ∈ J. Then q-derivative of f on J at x is defined as
Tariboon et al. [30, 31] defined the q-integral as:
Definition 2.11. Let f : I ⊂ R → R be a continuous function. Then q-integral on I is defined as
These integrals can be viewed as Riemann-type q-integral. Moreover, if c ∈ (a, x), then the definite q-integral on J is defined by
Theorem 2.1. Let f : I → R be a continuous function, then
We now recall the definitions of q-gamma (Γ q (.)) and q-beta (B q (., .)) functions.
Definition 2.12 ( [12]
). For α > 0, the Γ q (.) function is defined as:
where E x q is one of the following q-analogues of the exponential function:
.
Definition 2.13 ( [12]
). For α > 0, γ > 0, the B q (., .) function is defined as:
where
q-Gamma and q-beta functions are related by the following relation:
Also we have
Noor et al. [19] also established the following integral identity for twice q-differentiable functions.
q f be continuous and integrable on I η where 0 < q < 1, then
For some useful information on quantum calculus interested readers are referred to [7, 11, 12, 29] . From now onwards I = [a, a + η(b, a)] will be the interval unless otherwise specified.
Some q-Hermite-Hadamard type inequalities via generalized preinvex functions
In this section, we discuss our main results. Theorem 3.1. Let f : I ⊂ R → R be generalized preinvex function, where η(b, a) > 0 and moreover η(., .) satisfies Condition C, then
Proof. Since it is given that f is a generalized preinvex function and η(., .) satisfies Condition C, then
q-integrating above inequality with respect to t on [0, 1], we have
On summation of inequalities (3.1) and (3.2), we get the required result.
If q → 1, α = γ = 1 and η(b, a) = b − a in Theorem 3.1, we get Theorem 2.1 [32] . If q → 1 and α = γ = 1 in Theorem 3.1, we have following new result for generalized preinvex functions Corollary 3.1. Under the assumptions of Theorem 3.1, if q → 1 and α = γ = 1, then we have
If α = γ = 1 in Theorem 3.1, we have following new result for tgs-preinvex functions 
Our next result is q-Hermite-Hadamard's inequality via product of two generalized preinvex functions. 
II. The right side of the inequality reads as:
Proof. I. Since it is given that f and g are generalized preinvex functions, then (b, a) )} . q-integrating both sides of above inequality with respect to t on [0, 1], we have + tη(b, a))g(a + tη(b, a) )d q t
This completes the proof of first part. II. Now we prove second part of the theorem. Using the hypothesis of the theorem that f and g are generalized preinvex functions, we have
q-integrating both sides of above inequality with respect to t on [0, 1], we have
This completes the proof of second part.
Note that when q → 1, α = γ = 1 and η(b, a) = b − a Theorem 3.2 reduces to previously known results, see [32] . When q → 1 and α = γ = 1 Theorem 3.2 reduces to new result for tgs-preinvexity. 
where M (a, b) and N (a, b) are given by (3.3) and (3.4) respectively. 
where M (a, b) and N (a, b) are given by (3.3), (3.4) and
respectively.
Theorem 3.3. Let f, g : I ⊂ R → R be two generalized preinvex functions, then
where M (a, b) and N (a, b) are given by (3.3) and (3.4) respectively.
Proof. Since it is given that f and g are generalized preinvex functions, then
q-integrating both sides of above inequality with respect to t on the interval [0, 1], we have 
Using Theorem 3.1, we have
Multiplying both sides of of above inequality by 
where M (a, b), N (a, b) are given by (3.3) and (3.4), respectively.
If we take α = γ = 1 in Theorem 3.3, we get a new result for tgs-preinvexity. 
where M (a, b), N (a, b) and ψ 1 (q) are given by (3.3), (3.4) and (3.5) , respectively. Now we prove some q-Hermite-Hadamard type inequalities via q-differentiable generalized preinvex functions.
• (the interior of I) with D q be continuous and integrable on I where 0 < q < 1. If |D q | r , r ≥ 1 is generalized preinvex function, then
Proof. Utilizing Lemma 2.3, property of modulus, power mean inequality and the hypothesis of the theorem, we have This completes the proof. Now using Lemma 2.4, we drive some more quantum estimates for Hermite-Hadamard type inequalities via twice q-differentiable generalized preinvex functions. where Ω q (α, γ) is given by (3.7) and Θ q = 1 (1 + q)(1 + q + q 2 )
. This completes the proof.
